ANALYTIC TORSION FOR QUATERNIONIC 
MANIFOLDS AND RELATED TOPICS 
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tS 

Qs, ■ Abstract. In this paper we show that the Ray-Singer complex 

ON ' analytic torsion is trivial for even dimensional Calabi-Yau mani- 

folds. 

Then we define the quaternionic analytic torsion for quater- 
nionic manifolds and prove that they are metric independent. 

In dimension four, the quaternionic analytic torsion equals to 
the self-dual analytic torsion. For higher dimensional manifolds, 
the self-dual analytic torsion is a conformal invariant. 
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£5 ■ 1- Introduction 



O 



In the seminal papers ([-RSI] , [RS2]) , Ray and Singer defined an- 
' alytic torsions for real and complex manifolds as determinants of the 

deRham complex and Dolbeault complex respectively. As an analog to 
the vanishing of real analytic torsions for even dimensional manifolds, 
6j[)! we prove the following vanishing result for complex analytic torsions. 

Theorem 1. If M is an even dimensional Calabi-Yau manifold, then 

><; logr c (M,V) =0, 

where tq (M, V) is the complex analytic torsion for M with coefficient 
in the unitary flat bundle V. 

In particular the complex analytic torsion is always trivial for Hy- 
perKahler manifolds. Naturally we look for refinement of the complex 
analytic torsion. In section |3|, we define a quaternionic analytic torsion 
re (M, V) for quaternionic manifolds. 

Recall that a 4n-dimensional manifold M is called a quaternionic 
manifold if its tangent bundle admits a torsion-free GL (n, H) Sp(l) 
connection. Let E and H denote the associated bundles to the frame 
bundle of M with respect to standard representations of GL(n, H) and 
Sp(l). 
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Theorem 2. Let V be a unitary flat bundle over a quaternionic man- 
ifold M. For any compatible metric on M, we define th(M, V) to be 
the regularized determinant of the following elliptic complex: 

_ A A 1 • ■ ■ A 2 " - 0, 

where A fc = T(M, A fc £ g> S fe F ® 1/). 

Then the ratio re (M, Vi) /re (M, V2) is independent of the choice of 
the compatible metric on M provided that their corresponding com- 
plexes have trivial cohomology groups. 

The above complex was introduced by S. M. Salamon 

Remark. The assumption about trivial cohomology groups is not es- 
sential. Otherwise we can write down the variation of re in terms of 
the change of volume forms on the determinant of cohomology groups. 

Notice that every Riemannian metric on a four manifold M deter- 
mines a quaternionic structure on M. The above elliptic complex is 
the same as the self-dual complex: 

-> n° (m, v) 9} (m, v) ^> d n 2 + (m, v) -> o. 

Because conformally equivalent metrics determine the same quater- 
nionic structure on M, above theorem shows that the regularized de- 
terminant of the self-dual complex of a four manifold depends only on 
the conformal class of the metric. More generally, the following is true: 

Theorem 3. We assume that M is 4n-dimensional closed Riemannian 
manifold and V is an orthogonal flat vector bundle over M. Let 

2n-l 

r SD (M, V) = ?logdet (A,) - nlogdet (A 2n ) . 

q=0 

Then 

(i) t sd (M, V) is the regularized determinant of the following self-dual 
complex: 

-> n°(M, v)^---^ n 2n -\M, v) n 2 ™(M, v) -> o. 

(ii) tsd (M, Vi) /r SD (M, V 2 ) depends only on the conformal class of 
the Riemannian metric provided that the above self-dual complex has 
trivial cohomology groups. 

A similar result on conformal invariance of self-dual analytic torsion 
has been known to J. Cheeger for many years. After this paper is 
finished, the author is informed by Bismut that he also noticed the 
result of theorem one before by using Serre dualit y for Quillen metrics. 
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2. Vanishing of Complex Analytic Torsions 



Ray and Singer [ RSI ] defined the real analytic torsion tr(M) for a 
compact oriented Riemannian manifold M of dimension n, using zeta 
functions of Laplacian and showed that they are metric independent. 
Moreover, tr is trivial when M is an even dimensional manifold. In this 
section, we shall prove a complex analog of their theorem. To begin, 
we first recall their construction of the real analytic torsion, 

7i(M,y)=fflq>(i^(-i)«<v(o) 

V q=0 

where V denotes both an orthogonal representation of tvi(M) and the 
flat bundle associated with that representation (this convention will be 
used for the whole paper). Here, ( is the zeta function for the Laplacian 
A q = (dS + Sd) defined on the space of g-forms with values in V, where 
d is the exterior differentiation and 5 is the formal adjoint of d. The 
zeta function of a Laplacian is defined as follows. If Ai < A2 < • • ■ 
are positive eigenvalues of A q listed in the increasing order counting 
multiplicities. Then the series 

. 1 1 r°° 

CM = Y.± = ^ / t-^-dt 



is defined for s with Res > 1 provided that H q (M,V) = 0. This 
function of s has the analytic continuation to the entire complex plane 
with a continuous derivative at s = 0. Equivalently, 

MM,V)= n (det'CA,))^ 1 *, 

0<q<n 

where det'(A 9 ) is the regularized determinant of A q defined as det'(— A q ) 

exp(a(0))- 

We have the theorem of Ray and Singer : 



Theorem 4. EST] Let M be a closed manifold and V be an orthogo- 



nal representation of 71*1 (M) with the property that the cohomology of 
M with coefficients in V is trivial. 
Then tr(M, V) is metric independent. 

Let V* be the dual of V then if we consider the dual complex defined 
by the formal adjoint of the exterior differentiation, we have 

1+1) 



>(M,vo = r R (M,n M)<n4 



which implies the vanishing result of Ray and Singer when the dimen- 
sion of M is even. 
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Theorem 5. When the dimension of M is even, tj&(M,V) = 1, or 
equivalently, log tr(M, V) = 0. 

In particular, the real analytic torsion Tr(M, V) vanishes for complex 
manifolds. But for a complex manifold the deRham complex has a 
canonical subcomplex, namely, the Dolbeault complex. In the sequel 



RS2| to their paper about the real analytic torsion, Ray and Singer 
defined complex analytic torsion rc(M, V) of a n-dimensional complex 
manifold M as the regularized determinant of the Dolbeault complex 

— >n°>°(M,V) fi 0,1 (M, V) ^0°' n (M,F) — >0, 

using the <9-Laplacian A§ = dd* +d*d and its zeta function. Here V is 
the vector bundle associated with a unitary representation of tti(M). 
The complex analytic torsion is also known as the holomorphic torsion. 
Ray and Singer showed that the ratio between two complex analytic 
torsions corresponding to different unitary representations of the fun- 
damental group is independent of the Hermitian metric chosen, if all 
the cohomology of the Dolbeault complexes vanish. 

As we have seen in the real certain duality property for the 

de Rham complex gives the vanishing of the real analytic torsion when 
the dimension of the manifold is even. The dual map in the de Rham 
complex is given by the Hodge-* operator which is defined using the 
volume form. In the complex manifold case, we can define a similar 
duality map if there exists a parallel holomorphic volume form. Hence 
this idea leads us to the condition of Calabi-Yau manifolds. 

Recall that a compact Kahler manifold M is called a Calabi-Yau 
manifold if it has trivial canonical line bundle, Km = Om- By the 



theorem of Yau |[Y1|| , such a manifold admits a unique Ricci flat Kahler 
metric in each Kahler class. Equivalently, such a manifold has SU(n) 
holonomy where n = dime M. Using Bochner arguments, we can show 
that the unique (up to scalar multiplications) holomorphic n-form Q on 
M is parallel. Therefore, Q A Cl is a constant multiple of the volume 
form on M and we call Q a holomorphic volume form on M. 

Now we prove a complex analog of the Ray-Singer vanishing theorem 
for real analytic torsions: 

Theorem 1. If M is an even dimensional Calabi-Yau manifold, then 

log r c (M, V)=0, 



where Tq {M, V) is the complex analytic torsion for M with coefficient 
in the unitary flat bundle V. 
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Proof. Let M be a Calabi-Yau manifold with complex dimension 2n. 
Let tf A = {0 e fi°'«(M,y)|A^ = A0}, £ A = {0 e # A |d0 = 0}, 

£' A = {0etf A |d*0 = O}. 

Then # A is an orthogonal direct sum of £ A and E' x q , # A = E^®E' x q . 

Let N q = dimE q and 7V /A = dimi? /A . By the isomorphism -^d : 
E' q — ► £ A +1 (with the inverse ^<9*), 

dimtf A = JVj + iVj = iV A + iV A +1 = jVj + N' X q _ v 

Hence, 

cm = E ^ W + = E ^ W + <i) 

A^O A^O 



E4« + <-i^ 



A 

A^O 

and 

2n 2n 2n-l 

E(-dw*) = D-d* E f< = E (-d ,+i E 

9=0 g=l A>0 g=0 A>0 

Let Q be the holomorphic volume form on M. Then we have an 
isomorphism A : Q°' q — ► fi 2 ™' 9 given by wedging with fi. Since V is 
hermitian, the dual Dolbeault complex is identified with the original 
complex. Hence we get the isomorphism A" 1 o * : E q — > E'\ n _ q . 
Hence we have N q = ^ n _ g . Therefore, 

2n 2n-l 2n-l 

9=1 A>0 9=0 A>0 9=0 A>0 

2n— 1 -.2m-. 

= - E (-ir E f< = - Et- 1 )' E >, x - 

9=0 A>0 g=l A>0 

Hence the summation is zero and the log of the complex analytic torsion 
given by 

2n 

io g T C (M,y) = ^(-i)*<( s ) | s=0 

9=0 

vanishes. 

□ 
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In particular, if the manifold has a holonomy contained in Spin), 
(namely a HyperKahler manifold) then the manifold has a trivial com- 
plex analytic torsion. In the next section, we will define the quater- 
nionic analytic torsion for such manifolds. More generally, they are 
defined for manifolds with its holonomy contained in GL(n,M)Sp(l), 
namely, quaternionic manifolds. 

3. Quaternionic Analytic Torsions 

3.1. Basic Facts about Quaternionic Manifolds. A 4n-dimensional 
manifold M is called an almost quaternionic manifold if there is a rank 
3 subbundle Q of End (TM) such that for each x G M there is a neigh- 
bourhood U of x over which Q\ v has a basis {J, J, K} of almost complex 
structures with K = I J = —JI. Note that this is only a local basis. 
An example of this basis over an open subset of M 4ri is, with the usual 
identification of tangent space of R 4n with the M. 4n itself, 
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where l n represents the n x n identity matrix. In other words, 



Definition 6. A real 4n- dimensional manifold is almost quaternionic 
if the structure group of its principal frame bundle can be reduced from 
67L(4n, R) to 67 = GL(n,M)Sp(l). 

If M is a Riemannian manifold, the metric g is said to be compatible 
with the almost quaternionic structure Q if 

g(AX,AY) = g(X,Y) 

for X, Y G T x Mq and A G Q x such that A 2 = —1. Locally, we can 
construct a compatible metric g from any Riemannian metric g' by 
defining 

g(X, Y) = l -{g\X, Y) + g'(IX, IY) + g'(JX, JY) + g'(KX, KY)). 

for X, Y G TMq. Actually, this definition doesn't depend on the choice 
of the basis {/, J, K}. hence g is defined globally. 

Note that the space of all the metric compatible with the given 
quaternionic structure is contractible. From this fact, when we con- 
sider a variation of compatible metric, it is enough to look at only local 
variations. 

Next, we discuss quaternionic manifolds. 

Definition 7. A real 4n-dimensional almost quaterionic manifold M 
is quaternionic if the principal frame bundle of M admits a torsion-free 
6?L(n, H)S]9(l)-connection. 
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Note that the existence of a torsion-free G-connection is only a partial 
obstruction to the existence of an integrable G-structure. 

If M is a quaternionic manifold of dimension An, then its holonomy 
group is a subgroup of GL(n,M)Sp(l) and the reduced frame bun- 
dle F consists of frames u : H n — > T X M which are compatible with 
the quaternionic structure. Locally, F can be lifted to a principal 
GL(n,M) x Sp(l)-bundle F which double-covers F. This bundle ex- 
ists globally if (—1, —1) G GL(n, H) x Sp(l) acts as the identity The 
obstruction to the global existence of the double cover F is the vanish- 
ing of the cohomology class w(M) e H 2 (M, Z 2 ) defined as follows. 

Let [F] denote the element of the cohomology group H l (M; GL(n, M.)Sp(l)) 
corresponding to the principal GL(n, H )Sp(l)-bundle F over M. 

^From the short exact sequence 

— ► Z 2 — > GL(n, B. ) x Sp(l) — > GL(n, M)Sp(l) — ► 

we get a coboundary homomorphism 

5 : H\M; GL(n,U)Sp(l)) — > H 2 (M; Z 2 ). 

If we define w(M) = 5[F] E H 2 (M;Z 2 ), then the class w(M) is the 
obstruction to lifting F to a principal (GL(n,W) x 5'p(l))-bundle F. 

^From the lifting to a principal GL(n, EI ) x Sp(l) bundle, we get the 
decomposition TMq = TM®iC = E®H, where E is the vector bundle 
associated to the standard representation of GL(n,M) on H n = C 2n , 
and H is the vector bundle associated to the standard representation 
of Sp(l) on HP = C 2n . 

For q < 2n, we denote 

g 

A q = /\E® S q H 

, where S q H denotes g-th symmetric power of H and define D to be 
the differential operator defined as d followed by the projection onto 
A q . Then by the work of S. M. Salamon |[51|| , we get an elliptic complex 

— > A°(M) A\M) ^ A 2n (M) — > 0. 

Remark. If the class w(M) = 0, then we have two vector bundles 
E and H. However, the existence of A q (M) = /\ q E <g> S q H and the 
elliptic complex 

— ► A°(M) A X (M) ^ A 2 "(M) — > 0, 

do not depend on w(M) being zero or not. This complex will be called 
the quaternionic complex. We define the cohomology group for this 
complex H q A (M) = H q (A*(M),D) for any quaternionic manifold. 
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Remark. (The four dimension case) Notice that every Riemannian 
four manifold M determines a quaternionic manifold because of SO (4) = 
Sp (1) Sp (1) C GL (1, H) Sp(l). Moreover, w(M) equals to the second 
Stiefel- Whitney class of M, W2(M). Therefore w(M) = is equiva- 
lent to w 2 (M) = 0, namely M is a Spin manifold. This identification 
follows from the following commutative diagram: 
Z2 = Z2 = T^2 

Spirit) = Sp(l)xSp(l) c GL(l,M)x Sp(l) 

50(4) = Sp(l)Sp(l) c GL(l,M)Sp(l) 
Furthermore, we have E = S~ and H = S + , where S f± are the 
positive/negative spinor bundles over M and the quaternionic complex 
is the same as the self-dual complex: 

-> Q°(M, V) f^(M) ^ (M) -> 0. 

This is because of the canonical identifications <S>r C = S~ ® S + , 
K 2 + T* M = su{S + ) and the fact that S ± are SU{2) bundles. 

In dimension four, people also call an Einstein manifold with quater- 
nionic structure a quaternionic manifold. 

Remark. There are two important classes of quaternionic manifolds 
which had been extensively studied in the literatures. Namely, they 
are the quaternionic Kahler manifolds (holonomy inside Sp(n)Sp(l)) 
and the HyperKahler manifolds (holonomy inside Sp(n)). 

3.2. The Definition of Quaternionic Analytic Torsion. In this 
section, let the manifold M be a compact quaternionic manifold. In 
other words, we have the tensor product decomposition TMc = E®H 
of the complexified tangent bundle of M. 

If we define the Young diagram \ q for q > 2n to be the diagram 
obtained by joining 2n x 1 diagram with Ag_ 2ri , we can also define A q 
for q bigger than In. Using these, we can define another complex 

— >. A 2n U A 4n — ► 0. 

Consider the pairing, 

An 

A* ® A in "> ^/\TM C = S X4n E <g) S Kn H. 

Since we have the volume form vol on /\ 4ri TMc and the inner product 
on A q given by g, we can define 7 : S Xq — ► Sx 4n _ q by 

a(a <S> 76) =< a, b > vol 

for a, b G A q . We can represent the pairing using Young diagrams. 
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Note that 77 = 1. 

Let V be an orthogonal representation of the fundamental group 
7Ti(M). Then we can consider differential forms on M with values in 
V. Then we can define the quaternionic analytic torsion using this 
complex and the Laplacian A^ = D^d^ + 7^7 -D. Denoting •ydj = 5, 
we can write A^ = D5 + SD. 

Definition 8. If M is a quaternionic manifold and V is a flat vector 
bundle, then the quaternionic analytic torsion is defined by 

r H (M,\/) = n(det'Af)(- 1 ) 9+1 "/ 2 , 

q>0 

where det' A^ is the regularized determinant of Ag . 

3.3. Invariance of the Quaternionic Analytic Torsion. Let M 4n 

be a 4n-dimensional quaternionic manifold and g u be a one parameter 
family of metrics on M compatible to the almost quaternionic structure 
parametrized by u. We denote 7 = ^7 and a = 7~ 1 7 = 77 = — 77- 
For simplicity we denote A® as A q . Then 

A = D^dj + D^dj + 7^7.0 + ^d^D 

= Djjjd'y + 1)7^777 + 777^7/} + 7^777!) 
= -L>a5 + L>5a - a5D + 5aL> 

With repeated application of tr(AB) = tv(BA) for bounded opera- 
tors as in the Ray and Singer's work, we have 

ti(e tA "aSD) = tr(e5 iA ««(5De^ A ') = tr(5Dd tA « a ), 

tr(e tA *5aD) = tr(De tA «5a), 
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tr(e tA " Da5) = ti(5e tA " Da) . 

Hence we have 

Atr(e iA ") =ttr(Ae tA ") 
du 



Hence, 



= ttr(-a5De tAq + aD5e tA " +1 - a5De tA "- 1 + aD5e tAq ). 



2n 2n 

^(-l) 9 gtr(Ae' A ^) = ^(-l)nr(aA 9 e' A *) 

q=0 q=0 

2n , 

q=0 

Let Ci and ( 2 denote two zeta functions corresponding to two repre- 
sentations V\ and V 2 , and A^ and A^ 2 ^ denote corresponding Lapla- 
cians. Then the variation of the ratio between two quaternionic analytic 
torsions is given by 



7 2n , 

- log r H (M, Vi)/r H (M, V 2 ) = - £ (^(0) - ^(0)) 



r/// " 2 du 

q=0 



d , lid 



<is |B °2 r(s) 
^7 1 1 _ 2w _ r 00 ^7 

= tr(a(P« - p(2))) 

where P denotes the orthogonal projection onto the space of harmonic 
forms corresponding to the Laplacian of proper degree. 

Hence if the space of the harmonic forms is trivial, i.e., if the coho- 
mology H q A (M,Vi) and H q A (M,V 2 ) of the quaternionic complexes are 
all trivial, then the variation is 0. 

Here, we have used the fact that 

tr(e* A m - ae tA ^) = 0{ e - c/t ) as t -> 

and that tr(cte <A w — ae tAl - 2 ~>) decreases exponentially since A is strictly 
negative, hence the integration in the second line in the above equation 
can be differentiated inside the integral sign. 
Hence we have proven 



V(-l) 9 g / t s tr(e tA «)dt 

„_n JO 
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Theorem 9. For a quaternionic manifold M the ratio 

r m (M,V 1 )/r m (M,V 2 ) 

of two quaternionic analytic torsions corresponding to unitary repre- 
sentations V\ and V 2 is independent of the choice of the compatible 
metric if the cohomology group H\ is trivial. 

Remark. Recall that the Riemannian structure on M 4 determines a 
quaternionic structure and the quaternionic complex for M is the same 
as the self-dual complex. It is not difficult to see from the inclusion 

SO(4) c GL(l,M)Sp(l) 

Sp{l)Sp(l) C H x • Sp(l) 

that two Riemannian metrics g and g' determines the same quaternionic 
structure on M provided that they are conformal to each other, that 
means g' = e 2v g for some smooth function v on M. 

As a result, the regularized determinant of the self-dual complex of M 
depends only on the conformal class of the metric. In the next section, 
we shall see that the self-dual analytic torsion is always a conformal 
invariant quantity. 

Recall that the real analytic torsion vanishes on complex manifolds 
and the complex analytic torsion vanishes on HyperKahler manifolds. 
It is natural to ask if the quaternionic analytic torsion vanishes for 
certain special class of HyperKahler manifolds. In fact to look for the 
corresponding vanishing result, we should consider analytic torsions 
defined for manifolds admitting commuting complex structures instead 
of ant i- commuting complex structures as in HyperKahler manifolds. 
Manifolds admitting commuting complex structures are studied in re- 
cent years by some string theorists (For example, see Rocek []Rj) as can- 
didates for mirrors of rigid Calabi-Yau manifolds of dimension three. 
Examples of such manifolds includes the Hopf surface or products of 
the Hopf surface with any complex manifold. (Recall that the Hopf 
surface is C 2 */(zi, z 2 ) ~ (2zi,2z 2 ) with complex structure descended 
from C 2 .) 

4. Self Dual Analytic Torsions 

As we discussed before, the quaternionic analytic torsion for 4-dimensional 
quaternionic manifold is the same as the determinant of the self-dual 
complex of the manifold. 

In this section, we shall define the self-dual analytic torsion for 4n- 
dimensional manifolds and show that the ratio between two analytic 
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torsions r SD (M, Vi,g) / r gD (M, V 2 , g) corresponding to two flat bundles 
V\ and V 2 is a conformally invariant quantity. Then we study the Kahler 
surface in more details and compare various torsions on them. 

4.1. Definition and Invariance of Self-dual Analytic Torsion. 

Let M be a 4n-dimensional Riemannian manifold with metric g and V 
be the flat vector bundle associated with an orthogonal representation 
of 7Ti(M). Then we have 

Definition 10. The self-dual analytic torsion is defined by 

2n-l 

log r SD (M, V,g) = J2 <?logdet (A,) - nlogdet (A 2n ) . 

q=0 

where A q is the Laplacian on g-forms on M with values in V. 

Proposition 11. The self-dual analytic torsion is the regularized de- 
terminant of the following self-dual complex 

-> n°(M, V) 4 ... 4 Q 2n -\M, v) ^ d q 2 ;\m, V)^0 

where P + = (* + id)/2 is the projection to the space of self-dual forms. 

This is an elliptic complex which can be regarded as half of the 
deRham complex. The other half is the anti-self-dual complex, 

-> fi! n (M, v)S..A n 4n ~\M, v) S n 4n (M, v) -> o. 

The indexes of these two complexes are respectively |(x(M, V)+sign(M, 
and \(x(M, V) - sign{M, V)). Their sum is just the Euler character- 
istic of M with twisted coefficient V. In a similiar vein, we can define 
the anti- self- dual analytic torsion t& sd (M, V). By the vanishing result 
of Ray and Singer, we get 

T SD (M,y).T A sD(M,y) = l. 

Hence the anti-self-dual analytic torsion doesn't give any new informa- 
tion. 

Proof, (of proposition) If we denote (V2P+ o d) o (^/2P + o d)* by A + , 
then it coincides with the ordinary Laplacian A 2n on self-dual forms. 
It is because 

A 2 n0 — ~d * d * 4> — *d * d<j) 
= — (* + 1) d * d(f) 
= -2P + d * d(f) 
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where G f2^ n (M) and on the other hand, we have (P + o d)*4> = 5(f) = 
— * d(f) because 

J (4,,(p + ody<p) = J {(p + od)^,<i>) = J (#,0) = J (^,50). 

Hence 

(P+ o d) o (P + od)*(j) = -P + o d * d(f) = ]- A 2 „ 
and we have 

tr e* A+ |Q2n( M ) = tr e* A2n |f}2™(M) 



tr e tA2n o P, 



|n 2 ™(M) 



= tr e tA2 " o (* + l)/2| n2 n ( Af) 

1 1 

= 2 tr e* A2n h^(M) + 2 tr e * A2n * b 2 "(M) 

One can show that the variation of tr e tA2n * |n 2 "(M,v) under a confor- 
mal change of metrics is zero and hence a conformally invariant. In 
fact, it is a homotopy invariant, namely the signature of M with coef- 
ficients in V: /From McKean Singer's formula, we have sign(M, V) = 

4n 

^tre' Aq * \ni(M,v)- However, all non-middle dimensional contribu- 
te) 

tions to the summation cancel each other and gives sign (M, V) = 
tr e tAin * \n 2n (M,v)- Alternatively, 

[d, 5} : Q 2 ? (M, V) -> Q 2 ! 1 (M, V) 

is an isometry which preserves eigenspaces of Laplacian with non-zero 
eigenvalue. Therefore, tr e' A2n *|n2n(M,v) = tr*|#2n( Mj y) which is clearly 
the twisted signature of M with coefficients in V. 

However, for the regularized determinant of an operator, we discard 
all the zero eigenvalues. So tr e' A2n * \rp*(M,v) does not contribute to 
the torsion. Hence we can see that the analytic torsion defined by the 
elliptic complex 

-> Q°(M, V)-±* U {l 2n ~\M, V) V ^ d tt^iM, V)^0 

is given by 



2n-l 



log r SD (M, V) = <? log det ( A .) - n log det ( A 2n) 

q=0 

□ 

Next we show that the self-dual analytic torsion is a conformal invariant 
quantity. 
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Theorem 12. For any two orthogonal flat bundles V\ and V 2 over M 
with trivial cohomology group. The ratio of the two self-dual analytic 
torsion tsd (M, Vi, g) / tsd (M, V2, g) depends only on the conformal 
class of the metric g. 

Proof. To compute the variation of the self-dual analytic torsion under 
conformal change of metrics g (u), we need to know ^ tr e tAq ^ u \ The 
following formulae (from Ray-Singer's paper) are valid for any change 
of Riemannian metric 

jj-tr e tA ^=nr(e' A «WA g ) 

where A q = = a5d — 5ad + dad — d5a and a = = * _1 §^- 

Therefore, 

tr e tA «A q = tr e tAq 5da + tr e^^Sda - tr e tAq d5a - tr e tA * +1 d5a 

because dA q = A q+ id and 5A q = A q _i5. 
^From Ray-Singer's paper, we have 



£(-l)Vre* A *A 9 

k 

= J2(-^ 9+1 tr ^ A * a + ( k + X ) tr etAk6da + fctr e^^dSa 

for any integer fc. In their paper, they study the case when k is the 
dimension of M and define a differentiable invariant. For our purposes, 
we shall take k = 2n — 1 when dimM = An. To counter the error term 
— 2ntr e* A2n_1 5da + (2n — 1) tr e* A2n cWa: we need to consider 

2n-l 

n-tr e tArn A 2 n+ (-l)Vr e^'A,. 

g=0 



Now 



tr e' A2n A 9 n = tr e tA2n ~ l 5da - tr e tA2n+1 d5a 



*2' 

because d = on fi 2n (M) , under conformal change of metrics. 
By applying above formulae, we get 

2n-l 

ntr e* A2 "A 2n + ^(-l) 9 gtr e* A «A 9 

g=0 
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2n-l 



^(-l) 9+1 tr e tA " A q a-2ntr e tA2n - l 8da + n(tr e^^Sda - tr e 

g=0 

2n-l 

tr e' A * A 9 a - n(tr e iA2 "-'Ma + tr e' A2 " +1 cWa) 



5=0 



Since tr e* A2n_1 5da + tr e tA2n+1 dSa = 0, we have 



2n-l 



2n-l 



ntr e tA2 "A 2n + (-l)Vr e' A *A 9 = ^ (-l) 9+1 tr e' A * A, 

<j=0 q=0 

Therefore, for s with sufficiently large Re s, we have 

"2n-l 

£)(-l)'gC,(s) 



a. 



g=0 



r( s ) 



2n-l 



^ / 2n-l \ 

If ntr e* Aan A 2n + ^ (-l) 9 gtr e tA «A ? di 

n V 9=0 / 



g=0 

2n-l 



g=0 ^ 



s j t ti{e tA "a)dt 



J From RS2 it follows that 



r(s) 7 <ft 



defines an analytic function of s which vanishes at s = where Aq 
denotes the Laplacian on M with coefficient in Vi. We have 



(0 



d 
ds 



s=0 



r(s) 7 dt 



f4-tr (e^-e^lndf 



tr(p( i) _ p( 2)) 



a 



where ?W is the harmonic projection operator for i = 0,1. ^From our 
assumption, pW = Q and hence we have shown that 



'2n-l 



-L^^ ^E(- 1 ) 9 <(°'^)+<2n(0,^) ) = 
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That is tsd {M, V±, g) / r SD (M,V 2 , g) is independent of u. Hence, we 
have our theorem. □ 

Remark. Since a = on middle dimensional forms, we get 

tr| n *.(M,v) (P (1) - P {2) ) « = 

Therefore, it is enough for us to assume that H k (M, VA are zero for 
k < 2n for the result to hold. 

Remark. Notice that if a closed 4n-dimensional manifold M is a com- 
plex manifold, then the complexification of the self-dual complex has 
a subcomplex, namely the Dolbeault complex: 

-> n°{M) c ^ ► Q 2n ^{M) c ^ n (M) c -> 

II u u 

0->n°.°(M)4 ► fiO-^-^M)-^ tt°> 2n {M)^ 0. 

All these inclusions are trivial except possibly the last one which 
again can be checked directly (without assuming Kahlerian property of 
M). 

Remark. Similiarly if a closed 4n-dimensional manifold M is a quater- 
nionic manifold, then the complexification of the self-dual complex 
again has a subcomplex, namely the quaternionic complex: 

n°(M) c ^ ► n 2n - 1 (M) c v ^ +d nf(M) c ^ o 

II u u 

0^ A°{M)^ ► A 2n ~ l {M)^ A 2n (M) -S- 0. 
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